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This paper explores a formation control design which is resilient against malfunctioning
communications. The goal is to have each agent, modeled in the relativemotionHill frame, to or-
bit around a target point using only neighboring information. The proposed approach leverages
our previouswork in satellite formation control which uses aLyapunov-based formation control
solution. To mitigate the effect of malfunctioning agents communicating miss-information on
the network which would cause errors in the control algorithm, each agent applies a modified
weighted mean-subsequence reduced consensus algorithm to the formation control problem.
This algorithm compares the communicated information on the location of the malfunctioning
agents to the predefined formation cooperating agents can identify and isolate such defunct
agents. Results are illustrated in a ten spacecraft simulation orbiting around a single satellite
at the origin and compares the case between malfunctioning satellites and non-malfunctioning
satellites.

I. Introduction
Multiagent networked systems have seen a significant increase in activity recently, with applications to autonomous

driving, robotics, industrial warehouse and manufacturing, Internet of Things, and aerospace platforms [1–3]. Due to
their wide spread usage and connection into the world, these systems may be vulnerable to malfunctions or malicious
attacks which may result in severe damage to the agent network and ultimately system failure. To address this, there is a
continued challenge for developing algorithms that are resilient to malfunctioning or adversarial attacks in order to
mitigate the impact of these effects and quickly recover the multiagent system.

In this paper, we consider resilience to refer to the system’s ability to recover after malfunctioning agents share
information over the network. This to be contrasted by the notion of robustness, which is the system’s ability to tolerate
perturbations, disturbances or errors; see [4, 5] for more information on robustness in multiagent systems. The case of
robust synchronization in multiagent systems under the influence of intermittent and asynchronous communication has
also been considered in [6]. In [7], the case of resilience in a formation problem was presented. Resilience in systems
has been studied in numerous applications such as aviation, nuclear power, oil and gas, transportation, emergency health
care and communication networks [8–10]. There are also numerous perspectives on the topic of attack mitigation
through detection and resilience. In [11], a method for attack detection method is developed leveraging the structure
of the network of interconnected cyber-physical systems. In [12], a hybrid attack-monitor was developed to detect
recurring attacks on the discrete and continuous-time dynamics of a hybrid system. Recent work in [13] and [14]
outlines an algorithm, called weighted mean subsequence-reduced (W-MSR) algorithm for a resilient communication
network which is guaranteed to reach consensus despite malicious agents attempting to affect the agreement value. This
algorithm intelligently removes information to ensure that it is only considering information most similar to the agents’
state, this may reduce the convergence time, but it removes potentially malicious or malfunctioning information from
driving the consensus convergence point.

In this work, we will focus on the problem of resilience in a coordinated multiagent satellite system where each
agent shares their state to their neighbors in the network. We leverage our previous work in coordination and control of
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multiagent systems. Namely, in [15] we build on the work in [16] to apply it to satellite dynamics where a subset of the
agents are malfunctioning. The goal of this control algorithm is to converge to an elliptical orbit on a plane about a
target spacecraft with a particular phase angle difference between each agent. Moreover, each agent in the network is
either considered a normal satellite or a malfunctioning agent, wherein the normal agent is sharing their exact state, but
the malfunctioning agent shares a value different from their state. Then, we leverage a modified W-MST algorithm
applied to this formation that ensures that we only consider information most relevant to the agent.

The remainder of this paper is outlined as follows. In Section II, we give some preliminaries on notations, on the
relative motion Hill’ frame and the W-MSR algorithm for consensus. In Section III, we give the problem statement
while, in Section IV.B, we give our proposed solution and outline the control algorithm. Lastly, in Section V, we
consider the case of a ten satellite system converging to a formation around a target at the origin of the Hill’s frame with
two attacking agents.

II. Preliminaries

A. Notation
Given a differentiable function f (x) : Rn → R, the gradient of f (x) with respect to x is defined as a column vector

∇x f =
(
∂ f
∂x

)>
and ∂ f

∂x is the derivative with respect to x. Given vectors u, v ∈ Rn, the notation (u, v) is equivalent to
[u> v>]>. An n dimensional identity matrix is In. Given a vector a ∈ Rn, the norm of a is given by |a |; the unit vector
of a is φa = a

|a | ; an orthogonal projection matrix, denoted by Pa, is defined as Pa = I3 − φaφ
>
a . The vector 1N denotes

an N dimensional vector full of 1s. Given vectors a ∈ Rn, b ∈ Rn, the projection of b onto a plane orthogonal to a is
given by φa

b
=

Pab
|Pab |

.

B. Preliminaries on Graph Theory
A directed graph (digraph) is defined as Γ = (V, E,G). The set of N nodes in the digraph are indexed by the

elements ofV := {1, 2, . . . , N } and the edges are pairs in the set E ⊂ V ×V . Each edge directly links two different
nodes, i.e., an edge from agent i to agent k, denoted by (i, k), implies that agent i can transmit information to agent k.
The adjacency matrix of the digraph Γ is denoted by G ∈ RN×N with elements gik ∈ {0, 1}, where gik = 1 if (i, k) ∈ E
and gik = 0 otherwise. The in-degree and out-degree of agent i are defined by din

i =
∑N

k=1 gki and dout
i =

∑N
k=1 gik ,

respectively. The largest (smallest) in-degree in the digraph is given by d̄ = maxi∈V din
i (d = maxi∈V din

i , respectively),
The matrix D is a diagonal matrix with entries Dii = din

i for each i ∈ V . The Laplacian matrix of the digraph Γ,
denoted by , is defined as = D − G. The set of indices corresponding to the neighbors that can send information to the
i-th agent is denoted by N (i) := {k ∈ V : (k, i) ∈ E}.

A digraph is said to be weigh-balanced if, at each node i ∈ V , the out-degree and in-degree are equal – i.e., for each
i ∈ V din

i = dout
i ; complete if every pair of vertices is connected by a unique edge – i.e., gik = 1 for each i, k ∈ V ,

i , k; and strongly connected if and only if any two nodes of the digraph can be connected by a path that traverses the
directed edges of the digraph. A graph is undirected if and only if (i, k), (k, i) ∈ E. For a digraph, the Laplacian matrix
with eigenvalues {λi }Ni=1 is such that 0 = λ1 ≤ λ2 ≤ λ3 ≤ · · · ≤ λN . Zero is a simple eigenvalue of if the digraph is
strongly connected [17]. Moreover, there exists an orthogonal matrix U such that

U>AU =


0 0
0 ?


(1)

where ? represents and nonsingular matrix with an appropriate dimension and has a zero eigenvalue with eigenvector
1N . If the digraph is weight balanced, 1N = 0. See [18] for more information on algebraic graph theory.

To establish the resiliency properties, we use the properties of r-robust graphs as in [13]. Namely, we define the
following topological properties to describe the robustness of the graph Γ.
Definition 1 (r-reachable set) For a graph Γ and a set S ⊂ V of nodes of Γ, we say that S is an r-reachable set if
there exists i ∈ S such that |N (i) \ S| ≥ r , where r ∈ Z≥1.

Definition 2 (r-robust graph) A graph Γ is r-robust if, for every pair of nonempty, disjoint subsets ofV , at least one
of the subsets is r-reachable, where r ∈ Z≥1.
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C. Relative Motion Hill’s Frame
In this paper, we are interested in studying resilient formation control of spacecraft in close proximity. Therefore, we

leverage the classical relative motion Hill’s frame (also referred as the Clohessy-Wiltshire frame (CW)) to describe the
natural motion of each agent in the network. See [19] for more information on the Hill’s frame.

Consider an inertial frame, one that is Earth centered and fixed. For each of the N agent spacecraft and the target
spacecraft xt (also sometimes referred to as the chief), the equations of motion are given by

R̈j = −
µ

|Rj |
3 Rj +

1
m j

Fj (2)

for each j ∈ {t} ∪ {1, 2, . . . , N }, where Rj ∈ R
3 is the position vector of the spacecraft in the inertial frame, µ is the

gravitational constant parameter, m j is the mass of the j-th spacecraft and Fj ∈ R
3 are the external forces from either

actuation or perturbations. The equations of motion in (2) can yield stable, elliptical orbits about the center of gravity of
the frame (approximately the center of the Earth). Now the following assumptions are made to reduce the nonlinear
dynamics in (2) into the Hill’s frame.

Assumption 1 The primary acting force on all spacecraft is spherical two-body gravity generated by the central body
Earth.

Assumption 2 The mass loss of the spacecraft is significantly smaller than the total mass of the spacecraft.

Assumption 3 The target spacecraft is in a circular orbit with radius |Rt | = r0.

Assumption 4 The distance from the target spacecraft to each other spacecraft is significantly less than that of the
distance from the target spacecraft to the center of the Earth.

Assumptions 2 - 4 are necessary to simplify (2) to yield the classical Clohessy-Wiltshire (CW) relative motion equations.
With the target spacecraft in an equilibrium orbit, we attach a non-inertial frame to it with unit axis vectors ei, e j

and ek in the radial track, the in-track and the out-of-plane orbital positions, respectively. The relative position vector
xi, i ∈ {1, 2, . . . , N }, is given by the relation

DRi =



r0

0
0



+ xi

where the rotation matrix D transforms the inertial frame to the relative frame. Utilizing Assumptions 3 and 4 the
relative equations of motion abide by the following dynamics:

ẋi = vi

v̇i = Ax xi + Avvi + Bui
(3)

where ui ∈ R3 is the control signal expressed in the relative frame and the matrices Ax , Av and B are given by

Ax =



3n2 0 0
0 0 0
0 0 −n2



, Av =



0 n2 0
−2n 0 0

0 0 0



B =



1
mi

0 0
0 1

mi
0

0 0 1
mi



(4)

where n =
√

µ

r3
0
is the mean motion on the target spacecraft’s circular orbit (this is also the circular angular velocity

magnitude of the target spacecraft in the inertial frame). In the case of the target satellite t, xt = vt = 0 as it is the center
of the Hill’s frame.

Note that (3), have pure complex eigenvalues with zero real component. This results in a stable elliptical orbit in the
ei-e j plane. More specifically, these ellipses have their center along the ei axis, a semi-major axis of length 2a along the
ei axis, and a semi-minor axis of length a in the e j axis, for any given constant a > 0. These orbits are important as they
do not consume any fuel to achieve which extends the mission life of the spacecraft.
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(b) Agent 1 (in blue) is malfunctioning and sharing a constant value,
x1 (k) = 1 for all k ≥ 0.

Fig. 1 Discrete trajectories of the integrator dynamics in (5) with a discrete consensus controller over a
completely connected graph.

D. The Weighted-Mean Subsequence-Reduced (W-MSR) Algorithm
To solve the consensus problem with malfunctioning nodes, one tool is to limit the number of neighbors that each

agent considered in their consensus algorithm, [13]. The consensus problem is generally described as designing a
feedback algorithm which drives each agent to an “agreement” value between all agents. More specifically, consider the
following discrete integrator system

xi (k + 1) = ui (k) (5)

where k > 0 counts discrete time, ui and xi are the input and state of the i-th agent, respectively. Then, it can be seen
that the function ui (k) =

∑N
j=1 gi j x j (k) with

∑N
j=1 gi j = 1 for each i ∈ V achieves consensus globally, however, if a

single agent is malfunctioning then this error will drive the system and consensus may never be achieved.
Consider the case of a completely connected graph for a discrete-time system with four agents. Namely, in Figure 1,

the trajectories of xi from x(0) = (1, 2, 3, 4) with x = (x1, x2, x3, x4) over discrete time k are given for the case of no
malfunctioning agents and for a single malfunctioning agent. In this case, in Figure 1(a), the agents converge to an
agreement value of 2.5. However, for the case when agent 1 is sharing a constant value 1 (i.e., x1(k) = 1 for all k ≥ 0.)
to its neighbors, the trajectories of each neighboring agent are driven to this value, see Figure 1(b).

To solve this problem of consensus with malfunctioning agents, the weighted-mean subsequence-reduced algorithm
was proposed in [13] and [14]. Given F potential malfunctioning agents, algorithm is described as follows:

1) At each time step k, each node receives values from all its neighbors and sort them in decreasing order;
2) For the i-th agent, if there are more than F elements larger than xi in the sorted list in 1), remove top F elements.

If there are less than F elements larger than xi remove all elements larger than xi . Similar logic for values less
than xi .

3) Let the set of agent Ri (k) whose values were removed by agent i at time k.
4) Each node i-th node applies its update value as

x(k + 1) = gii (k)xi (k) +
∑

j∈N (i)\Ri

gi j (k)x j (k) (6)

where gii and gi j satisfy gi j (k) ≥ α if agent j is a neighbor to agent i and zero otherwise, and
∑

j∈N (i) gi j = 1.
More information on W-MSR algorithms can be found at [13] and [14]. This algorithm effectively removes the effect

of the malfunctioning agents from driving the agents (as in Figure 1(b)) to a region that may be potentially unsafe. Note
that this algorithm is defined for discrete time systems, however, a similar algorithm can be defined for continuous-time
systems.

III. Problem Formulation
Consider a formation of N > 1 spacecraft in the Hill’s frame [19]. Each agent spacecraft has relative position and

velocity states xi ∈ R3 and vi ∈ R
3 for each i ∈ V := {1, 2, . . . , N }, respectively. Moreover, we want the formation to

have the following properties:
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Fig. 2 The formation problem consisting of three agents (two cooperative and one malfunctioning) with
position states (x1, x2, x3) connected over a digraph shown in the bottom left. The goal of each agent is to
converge to a prescribed orbit around the target xt using only neighboring information. The agent x3 (in red)
is a malfunctioning agent who is sharing corrupted information to its neighbors.

P1) The formation is centered at the fixed position xt .
P2) Each spacecraft must reach a formation plane defined by normal α ∈ R3 with |α | = 1, i.e.,

α>(xi − xt ) = 0 (7)

for all i ∈ V .
P3) The spacecraft formation must circulate at a constant rate around an ellipse with a semi-major axis of β and

semi-minor axis γ with each axes direction defined by αM and αm, respectively.
P4) The spacecraft must achieve the formation with a predefined phase,

cos−1
(

x>i x j

|xi | |x j |

)
= θi j

for each i ∈ V and j ∈ N (i).
The above requirements are desirable for spacecraft missions as there exist zero-fuel elliptical trajectories in the relative
frame.

Moreover, we want the formation described in P1) – P4) to be realized under the presence of errors in critical
measurement information sent from neighboring spacecraft. Namely, we will consider the case where a set S ⊂ V with
|S| = M < N spacecraft are malfunctioning, wherein, the information communicated to each agent is corrupted. This
situation is typically more difficult to diagnose in comparison to malfunctioning vehicles which are visually apparent.

IV. Proposed Solution

A. Scaling and Feedback Linearization
The control law in [15] relies on single integrator dynamics where the velocity state is controlled directly. In this

section we consider the following control law

ui = B−1(−Ax xi − Avvi + wi), (8)
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where wi is a new control signal. This leads to (3) reducing to the following double-integrator system

ẋi = vi, v̇i = wi . (9)

Define three vectors α, αM , αm to describe an orthonormal basis. Then, a constant scaling matrix can be given

C =



1
βα
>
M

1
γα
>
m

α>



(10)

to define a new set of coordinates

qi = Cxi, pi = Cvi (11)

which, with (9), leads to

q̇i = pi, ṗi = gi (12)

where gi = Cwi .
In this new system, the desired formation become circular to which the results of [16] can be applied. Namely, P3)

and P4) become
P3’) Converge to a formation around the target pt with a prescribed radius ρ > 0, i.e.,

|qt − qi | = ρ (13)

for each i ∈ V .
P4’) The formation around the the target is specified by

|qi − qj | = δi j ∀ (i, j) ∈ E (14)

where the positive scalar δi j ≤ 2ρ is the desired distance between agents i and j.
To ensure a uniquely defined circumnavigation formation, the following assumption on the δi j > 0 distances is made:

Assumption 5 The distance constraints between the agents given in (12) are sufficient to ensure that there exists a
unique formation to satisfy the constraints in (14).

Assumption 5 is quite common in the literature [15, 16, 20–22]. Namely, the δi j are considered as internode distances
used to form a geometric shape on a plane to ensure that the network of robots converge to the desired unique formation.
It also imposes a global rigidity-like condition on the underlying graphical structure as well as the shape to maintain a
formation of autonomous agents. As mentioned in [20], a two dimensional formation is globally rigid if and only if any
two formations corresponding to the distance data δi j differ by rotation, translation and reflection. In this formulation,
the distances between the agents must be such that not more than one formation can be expressed directly from the
distance measurements.

Malfunctioning agents can fall into two main categories; non-responsive or malicious. A non-responsive agent
can be thought as a defective or malfunctioning vehicle, unable to function properly due to either a sensor or actuator
malfunction, with no ill-intent towards the underlying formation. In contrast, a malicious agent is one that is actively
or intentionally seeking to disrupt the formation or communications of the network. For example, an attacker could
be injecting intentionally wrong information while maneuvering to manipulate the system. In this work, we consider
the case of the malicious agents still moving as though they were cooperative, however, they may transmit erroneous
information to their neighbors. Namely, we consider the non-cooperative agents to transmit false or malfunctioning
measurements to its neighbors given by

yi = xi + εi j (t) (15)
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for each j in the neighbors of the i-th agent where εi j is a signal modeling the effect of the communication malfunction.
The cooperative agents share their state perfectly

yi = xi . (16)

In the next section, we outline the approach of defining a resilient globally stabilizing controller algorithm to solve
the problem outlined in P1) - P4) under the affect of purely cooperative agents. In Section IV.C we extend our previous
work into the case with malfunctioning agents where the concepts of r-reachable and r-robust graphs will be utilized in
the controller synthesis phase to ensure convergence near the desired formation.

B. Lyapunov-Based Feedback Control
To address the formation problem, we leverage our previous work wherein we used a Lyapunov-framework presented

in [15]. For the remainder of this section, we consider the case where we have zero malfunctioning agents in the
formation, however, in Section IV.C, we will address this case. For notation, the difference qi − qt = qit , Pα is the
projection operator on a plane defined by α, and φαi is the projection of the i-th agent’s position on the plane defined by
α. The control scheme is decentralized and leverages three unique functions:

V1 =
1
2

∑
i

(αTqit )2 (17)

V2 =
1
2

∑
i

(|Pαqit | − ρ)2 (18)

V3 =
1
4

∑
i

∑
j∈Ni

*
,
|φαi − φ

α
j |

2 −
δ2
i j

ρ2
+
-

2

. (19)

Here, V1 is the error to the target plane, V2 is the error to the constant radius objective, and V3 is the error distance
between agents. Defining the total Lyapunov function

V = V1 + V2 + V3, (20)

the velocity trajectory that stabilizes ith agents to a formation of N vehicles (i.e. V = 0) is,

gi = h1i + h2i + h3i (21)

where

h1i = −k1∇iV1

h2i = −k2∇iV2 + k0 |Pαqit |
(
α × φαi

)
h3i = −k3 |Pαqit |∇iV3

(22)

with k1, k2, k3 > 0 being user defined gains. The variable k0 on the other hand is the angular velocity of the circular
motion as defined by the right-hand rule about the axis α. The gradients in (22) are given as

∇iV1 = α
Tqitα (23)

∇iV2 =
(
|Pαqit | − ρ

)
φαi (24)

∇iV3 =
1

|Pαqit |

∑
j∈N (i)

*
,
|φαi − φ

α
j |

2 −
δ2
i j

ρ2
+
-

(
α × φαi

)T (
φαi − φ

α
j

) (
α × φαi

)
(25)

where N (i) are the set of neighboring agents to agent i. Note that ∇iV3 is the only part of the i-th agents control
algorithm that leverages neighboring agents information to achieve the proper formation. The derivations and stability
results are given in the previous work and are excluded here for brevity [15].
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With the velocity trajectory given for each ith agent, the next step is to design an acceleration level control. For each
agent, consider a fourth positive definite Lyapunov equation,

V4i =
1
2
|pi − h1i − h2i − h3i |

2, i = 1, ..., N . (26)

Taking the time derivative of V4i with respect to the relative scaled frame yields,

V̇4i =

(
∂V4i
∂pi

)T
ṗi = (pi − h1i − h2i − h3i)Tgi . (27)

Choosing the control signal
ui = −k4(pi − h1i − h2i − h3i) (28)

with k4 > 0 gives
V̇4i = −k4V4i, (29)

which produces exponential stability to the desired velocity trajectory and ultimately the desired formation.
The uniqueness of this control methodology lies in the orthogonality of three vector fields given by V1, V2 and V3.

As non-cooperative agents will only influence the relative information of the system, the effect on agent i will only
been seen in V3 through the terms φαj . Specifically, any malicious and disruptive information to agent i will result in
φαj = φ̄

α
j + ε i j where φ̄

α
j is the true information and ε i j is the error induced by the non-cooperative agent. The expected

goal of this work is to extend this Lyapunov framework to be resilient against ε i j and still converge to a formation akin
to the one desired.

C. Mean Subsequence-Reduced Formation Control Algorithm
In this section, we utilize the work in [13] to define an algorithm with similar characteristics to the W-MSR algorithm

presented in Section II.D. Note that in the terms of (21) has only one term dependent on neighboring information. More
specifically, ∇iV3 in (25) uses neighboring information to drive the agents to the correct formation on the plane, making
it vulnerable to malfunctioning information.

The following update law is applied to guarantee such information is not influencing the formation of the spacecraft:
1) Given F malfunctioning agents.
2) At each time step t, each i-th node receives values from all its neighbors to calculates

ψi j (t) := *
,
|φαi − φ

α
j |

2 −
δ2
i j

ρ2
+
-

(
α × φαi

)T (
φαi − φ

α
j

) (
α × φαi

)
for each j ∈ N (i) ∪ {i} and sorts this list in descending order.

3) For each i-th agent, if there are more than F elements larger than ψii in the sorted list in step 2), remove the top
F elements. If there are less than ψii remove all elements larger than ψii . Similarly to values less than ψii . Note
that for each agent ψii is identically zero.

4) Let the set of agent Ri (t) whose values were removed by agent i at time k.
5) Each node i-th node applies its update value as

gi = h1i + h2i + h3i

where h1i – h3i are given in (22) with V3 being augmented to have the following form

V3 =
1
4

∑
i

∑
j∈N (i)\Ri (t)

*
,
|φαi − φ

α
j |

2 −
δ2
i j

ρ2
+
-

2

which implies that ∇iV3 is given by

∇iV3 =
1

|Pαqit |

∑
j∈N (i)\Ri

*
,
|φαi − φ

α
j |

2 −
δ2
i j

ρ2
+
-

(
α × φαi

)T (
φαi − φ

α
j

) (
α × φαi

)
.
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Fig. 3 In this numerical example, the agents are converging to a splay-state configuration defined by each agent
wanting to be an equal angle away from its nearest neighbor without the influence of malfunctioning agents.

Following [13], if the graph is (2F+1)-robust where F is the number of malfunctioning agents, then the formation
problem defined in Section III is solved under the influence malfunctioning communication. In the next section, we will
illustrate these results through a series of simulations.

V. Simulation Results
In this section, the resilient formation control algorithm is showcased through several simulations. In the remainder of

this section we consider the 10 spacecrafts. Some of these will be cooperative while others are assumed malfunctioning.
Each satellite has a mass of 100kg and is controlled with continuous thrusters in the three independent directions. The
target spacecraft is in a circular Earth orbit corresponding the mean motion of n = 0.0012 and is assigned to be the
center of the relative motion frame, i.e., xt = (0, 0, 0). In each of the following simulations, the control gains are chosen
as k1 = k2 = k3 = 0.01 and k4 = 0.03. We assign the value of k0 = n since this is the angular velocity of the orbit
which will yield one full circumnavigation per one period of the target spacecraft’s orbit.

In each simulation, we desire to achieve a 2 × 1 elliptical orbit in the ei − e j plane. This implies that

α = (0, 0, 1) αM = (1, 0, 0) αm = (0, 1, 0) β = 2 γ = 1. (30)

Furthermore, each agent wants to be "equi-angular" from its neighbors. In this case, with 10 spacecraft, the agents want
to achieve a "splay-state" configuration, namely each agent wants to be π

5 radians away from its sequential neighbor. For
this case, the distances δi j in Section IV.A in the scaled item P4) are given by the δ matrix where δi j is the i − jth entry
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in the matrix

δ ≈



0 1.85 3.53 4.85 5.71 6 5.71 4.85 3.53 1.85
1.85 0 1.85 3.53 4.85 5.71 6 5.71 4.85 3.53
3.53 1.85 0 1.85 3.53 4.85 5.71 6 5.71 4.85
4.85 3.53 1.85 0 1.85 3.53 4.85 5.71 6 5.71
5.71 4.85 3.53 1.85 0 1.85 3.53 4.85 5.71 6

6 5.71 4.85 3.53 1.85 0 1.85 3.53 4.85 5.71
5.71 6 5.71 4.85 3.53 1.85 0 1.85 3.53 4.85
4.85 5.71 6 5.71 4.85 3.53 1.85 0 1.85 3.53
3.53 4.85 5.71 6 5.71 4.85 3.53 1.85 0 1.85
1.85 3.53 4.85 5.71 6 5.71 4.85 3.53 1.85 0



(31)

Note that the δii is equal to zero, and the δi j for each i, k ∈ V such that |i − j | = 4 are π radians apart which corresponds
to 2ρ.

Lastly, the initial conditions of each spacecraft are chosen randomly as follows

xi (0) ∈ [−10, 10] × [−10, 10] × [−10, 10] (km)
vi (0) ∈ [−1, 1] × [−1, 1] × [−1, 1] (km/sec)

First, we consider the case when there are no malfunctioning agents. The formation trajectory, the norm of each
spacecrafts’ control and overall Lyapunov function V = V1 + V2 + V3 in (20) are shown in Figure 3. The trajectory in
Figure 3(a) shows that the agents reach the desired 2 × 1 ellipse smoothly, moreover, they reach the formation defined
by the δ matrix in (31). It can be observed in top chart in Figure 3(b) that all the control trajectories go to zero when
the formation is achieved. This directly corresponds to the discussion of choosing a zero-fuel elliptical trajectory. To
confirm that the desired formation is achieved, the top chart in Figure 3(b) shows the Lyapunov function composed with
the solution goes to zero.

Next, we show the case when there are two malfunctioning agents in Figure 4. Namely, in this case, the agents 4
and 10 output a constant random position value yi = ε i ∈ [0, 100]3 ⊂ R3, where [0, 100]3 is a regular 3 dimensional
volume of 100 units wide in each dimension. Agents are assumed to be completely connected which leads to the second
eigenvalue of the Laplacian to be λ2 = 10. This network topology meets the criteria of being resilient to capture the
errors in their neighboring agents. Neighboring agents use this output value yi to converge to the formation defined in
(31) in which neighboring agents will use and incorporate this value into their formation control algorithm. In fact,
after some transient response, the agents remove the malfunctioning agents and remove this data from their formation
control algorithm which can be seen in the bottom two figures in Figure 4(b). Moreover, the agents converge to a 2 × 1
km elliptical orbit as indicated by the control inputs ui in Figure 4(a) converging to zero which also indicates that the
information from the agents are removed.

VI. Conclusion
In this paper, we showcase a satellite formation control algorithm wherein, each agent converged to circumnavigate

around a target at a predefined formation on an ellipse in the relative motion frame. Such ellipses provide zero-fuel
trajectories once achieved which can extend the life of the spacecraft while naturally maintaining the formation. However,
in the formation a ground of agents could potentially be malfunctioning and providing erroneous information to
their neighbors. To remove this erroneous information from the control algorithm we leveraged the weighted-mean
subsequence-reduced algorithm to remove information that was far away from where the agent should be. We provided
numerical simulations to illustrate the results.
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